In this paper, we applied an extension of optimal homotopy asymptotic method (EOHAM) for the approximate solution of coupled partial differential equations (PDEs). The obtained results are compared with other results for its efficiency. The order of convergence and residuals are plotted.
Introduction
The differential equations have vital role in science and technology. Numerical and analytical methods are used for the solutions of nonlinear problems. Numerical methods required linearization, discritization and are slow convergence. To escape from these difficulties the Analytical methods such as like variational iterative method (VIM) [3] , adomian decomposition method (ADM) [2] , differential transform method (DTM) [17] , and Perturbation method were introduced [4, 9] . These methods contain a small parameter which cannot be found easily. New analytic Homotopy analysis method (HAM) [8] and Homotopy perturbation method (HPM) [5] were introduced. These methods combined the homotopy with the perturbation techniques. Recently, Marinca et al. introduced OHAM [6, 8] for the solution of nonlinear problems which made the perturbation methods independent of the assumption of small parameters and huge computational work. The motivation of this paper is to implement the EOHAM for the solution of coupled PDEs. In [10] [11] [12] [13] [14] [15] [16] OHAM has been proved to be valuable for obtaining an approximate solution of single partial differential equation (PDE). In the succeeding section, the basic idea of EOHAM is formulated for the solution of NPDEs. The effectiveness and efficiency of EOHAM is shown in Section 3.
Fundamental mathematical theory of EOHAM
Consider a system of three partial differential equations A 1 (ξ, ζ) + s 1 (x, t) = 0, A 2 (ξ, ζ) + s 2 (x, t) = 0, x ∈ Ω, B 1 (ξ, ∂ξ ∂x ) = 0, B 2 (ζ, ∂ζ ∂x ) = 0, x ∈ Γ . (2.1)
A 1 , A 2 can be divided into two parts
L 1 , L 2 contain the linear parts while N 1 , N 2 contain the nonlinear parts of the system of partial differential equations. According to OHAM, construct a system of optimal homotopies
We have
Obviously, when p = 0 and p = 1 we obtain α(x, t; 0) = ξ 0 (x, t), β(x, t; 0) = ζ 0 (x, t), α(x, t; 1) = ξ 1 (x, t), β(x, t; 1) = ζ 1 (x, t).
For r = 0
We choose auxiliary functions K 1 (r), K 2 (r) in the form
To get the approximate solutions, we expand α(x, t; r, K 1i ), β(x, t; r, K 2i ) by Taylors series about p in the following manner, 5) where k = l = n = i = 1, 2, 3, . . .. Using Eq. (2.4)-(2.5) into Eq. (2.3) and equating the coefficient of like powers of r, we have
It has been observed that the convergence of the series (2.5) depends upon the auxiliary constants. If it is convergent at r = 1, one has
Substituting Eq. (2.6) into Eq. (2.1), it results the following expression for residuals
If R 1 (x, t; C 1i ) = 0, R 2 (x, t; C 2i ) = 0, then α r (x, t; C 1i ), β r (x, t; C 2i ) will be the exact solutions of the problem. Generally it does not happen, especially in nonlinear problems. For the computation of auxiliary constants, one can apply the method of least squares as under
and
The m th order approximate solution can be obtained by these constants.
Application of EOHAM to nonlinear coupled Burgers equations Example 3.1. Consider the nonlinear coupled Burgers equations with initial conditions [1]
The exact solutions of Eq. (3.2) are
Applying the technique discussed in Section 2 we have
We consider
Zeroth order system
Its solution is
3.2. First order system
with initial conditions
3.3. Second order system
For the computation of the constants C 11 , C 12 , C 21 , and C 22 using (3.6) in (3.1) and applying the technique mentioned in (3.7)-(3.10), we get (a) 3D approximate solution of ξ(x, t) at t = 0.1.
(b) 3D approximate solution of ζ(x, t) at t = 0.1.
(c) 3D exact solution of ξ(x, t) and ζ(x, t) at t = 0.1. (a) 2D zeroth, first, and second order and exact solutions of ξ(x, t) at t = 0.1.
(b) 2D zeroth, first, and second order and exact solutions of ζ(x, t) at t = 0.1. 
The exact solutions of Eq. (3.8) are 10) where
Its solution is ξ 0 (x, t) = 5 + 0.333333333333 tanh(0.333333333333x),
3.5. First order system
Its solution is ξ 1 (x, t; C 11 ) = tC 11 8.033333 sec h 2 (0.3333333x) + 0.013456790123 sec h 4 (0.3333333x)
(3.12)
Adding Eqs. (3.11) and (3.12), we obtain ξ(x, t; C 11 ) = 5 + 0.333333333333 tanh(0.333333333333x)
ζ(x, t; C 21 ) = 0.066666666667 + tanh(0.333333333333x)
For the computation of the constants C 11 , C 12 using (3.13) in (3.8) and applying the technique mentioned in (3.7)-(3.10), we get C 11 = 0.09188852998980887, (a) 3D approximate solution of ξ(x, t) at t = 0.1.
(b) 3D exact solution of ξ(x, t) at t = 0.1.
(c) 3D approximate solution of ζ(x, t) and ζ(x, t) at t = 0.1. (a) 2D zeroth, and first order and exact solutions of ξ(x, t) at t = 0.1.
(b) 2D zeroth, and first order and exact solutions of ζ(x, t) at t = 0.1. 
Results and discussions
The mathematical theory given in Section 2 gives highly accurate solutions for the BVP presented in Section 3. We have used Mathematica 7 for most of our computational work. In Table 1 , the EOHAM results for the coupled burgers equations are compared with exact and HPM solutions for different values of x at t = 0.01, 0.02, 0.03 . In Table 2 , 3, 4, and 5 the absolute errors of the coupled burgers equations and coupled mKdV equations corresponding to exact solutions are given at different values of x for t = 0.2, 0.01, 0.001, 0.0001. Figures 1 and 5 show the 3D and Figures 2 asd 6 show the 2D comparison of the approximate solutions ξ(x, t) and ζ(x, t) with exact solutions for coupled burgers and coupled mKdV equations respectively. The convergence of OHAM is presented in Figures 3 and 7 and the residuals are given in Figures 4 and 8 for the coupled burgers and coupled mKdV equations respectively at t = 0.1. Here we observed that the OHAM solution converges rapidly with the increase in the order of approximation. From these Tables and plots it is evident that the OHAM results are nearly identical to the exact solutions. Here the results are very consistent with the decreasing time.
Conclusion
In this paper, we have seen the effectiveness of EOHAM to coupled burgers and coupled mKdV equations. By applying the basic idea of EOHAM to coupled burgers and coupled mKdV equations, we found it simpler in applicability, more convenient to control convergence and involved less computational overhead. Therefore, EOHAM shows its validity and great potential for the solution of nonlinear coupled PDEs problems in science and engineering.
